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 An econometric introduction: the Lorenz curve. 

 Desirable properties of inequality measures. Lorenz class 

measures. 

 Life table and measures of inter-individual inequality in length of 

life: Gini/AID, IQR, STD, e-dagger. 

 Inequalities in length of life: trends and cross-country 

comparisons. 

 

 

Outline of the lecture.   
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Suppose that there is a population of n individuals ordered in a non-descending order of 

their incomes: y1≤y2≤y3≤.... ≤yn . There is no inequality if for all individual incomes are 

the same. The inequality is at its maximum if one individual has the whole population‘s 

income, while all others have zero income.  

Let       be the mean income. Let the cumulative shares of population and income be:   

Econometric introduction. 

Shares of income and shares of population. 
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Then the closer the shares F and FF (FF denotes the Greek      ), the lower the income 

inequality across the population. Situation of the perfect equality is observed then and 

only then F and FF are equal for every individual. That is to say that 10% of people have 

10% of the total income, 50% of people have 50% of the total income, etc.  

The inequality means that (for example) 10% of the richest people have 30% of the total 

nation’s income while 10% of the poorest people have 5% of the total income.  

and 
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Econometric introduction. Lorenz curve. 

The Lorenz curve shows the whole distribution of income across population by displaying 

FF as a function of F.  

Divergence between the Lorenz curve and a line of perfect equity (the diagonal) reflects a 

degree of income inequality. If the population shares on the horizontal axis are based on 

the ascending individual incomes, the L-curve lies below the diagonal. If the individual 

incomes are ordered in the descending order, the L-curve lies above the diagonal.      
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Econometric introduction. Lorenz dominance.  

Lorenz dominance.        Condition of the Lorenz dominance. 

Suppose there are two ordered income distributions 

X (0≤x1≤x2≤x3≤.... ≤xn ) and Y (0≤y1≤y2≤y3≤.... ≤yn) 

with the same numbers of individuals in them. X 

dominates Y if x1/y1≥ x2/y2≥.... ≥xn/yn. 
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Econometric introduction. Lorenz-class measures.  

Visual inspection of Lorenz curves helps to compare distributions with respect to 

amounts of inequality in them only if one distribution dominates another one. Correct 

ranking of distributions according to their amounts of inequality can be made by 

means of aggregated Lorenz-class measures. 

Lorenz-class measure of inequality must satisfy the following conditions: 

(1) mean (or scale) independence. It remains invariant if everyone’s income is   

changed by the same amount; 

(2) population-size independence. It remains invariant if the number of people at 

each level of income changes by the same proportion; 

(3) Pigou-Dalton condition. It decreases after any transfer from a richer to a poorer 

person (or vice versa) that does not reverse their relative ranks.  

Conditions (1) and (2) suggest that inequality can be measured without data on 

absolute income and population size.  

The mean independence (1) is characteristic of relative measures of inequality that 

express the amount of diversity in income relative to its mean level. Almost all 

existing measures of diversity satisfy (2).  

Condition (3) is a central one. It guarantees sensitivity of the inequality measure to 

any redistribution of income that influences shape of the Lorenz curve.        
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Econometric introduction. 

Two most conventional dispersion measures once again.  

In mathematical statistics the most common dispersion measures are the stadard 

deviation and the range of variation: 
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Both indexes measure the absolute inequality and are mean-sensitive. Transition to 

relative measures can be achieved by rescaling: 




CoefVar /RangeRelRange 

However, the range does not satisfy the P-D condition since it is insensitive to any 

redistribution that does not change the max and the min incomes. The same is true 

for the percentile-type indexes such as inter-quartile range: IQR=Q25-Q75. They are 

insensitive to any redistributions that do not change the quartiles. For example it 

would not change if the share of those getting the lowest income decreases from 

10% to 8% and the share of those getting the second lowest income increases from 

10% to 12%.  

You can learn about other inequality measures such as Robin Hood index, VarLog 

(variance of logarithms), Theil‘s first and second measures related to the entropy 

and the information theory) from Anand (1983). 
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Econometric introduction. 

Gini coefficient as a divergence from the diagonal. 

There are several equivalent definitions of Gini coefficient: 

1. Geometric definition. G is an area between the Lorenz curve and the diagonal 

relative to the whole area below (above) the diagonal.  
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Source: Anand, 1983 
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Econometric introduction. G as a mean inter-individual 

 difference and as a covariance of income and its rank. 

There are several equivalent definitions of Gini coefficient: 

2. Kendall and Stuart (1963) definition. G is an average difference between 

individual incomes across population relative to mean income.  
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3. Definition via covariance. G is a covariance of individuals’ rank and their incomes 

relative to the total population income. This definition permits to obtain G from 

regression.  
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This definition suggests that                         is the average inter-individual difference 

(AID) in income across all pairs of individuals.   
GGabs

Gini in Excel examples (Lorenz-curve-definitions-Gini1.xls) 
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Inequality in the LT. Introduction -1. 

Let us consider people’s lengths of life (or ages at death) to be people’s “incomes”. All 

people will eventually die. But some people die at young age and are “poor” in terms of 

length of life. Other people die at advanced ages and are “rich” in terms of length of life. It 

is possible to learn how rich or poor was an individual only after death. 

 

The life table can be presented as a distribution of the life table cohort by length of life. 
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Inequality in the LT. The Lorenz curve -2. 

The life table is also an inequality arena.  

 

The Lorenz curve can be constructed from the life table distribution by age at death. The 

F(x) and FF(x) functions can be defined in terms of the standard life table functions as 
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Inequality in the LT. The Lorenz curve -3. 

0.0

0.2

0.4

0.6

0.8

1.0

0.0 0.2 0.4 0.6 0.8 1.0

Proportion in population

P
ro

p
o

rt
io

n
 i
n

 p
e

rs
o

n
-y

e
a

rs
 o

f 
li
fe

Matlab (Bangladesh), 1995

G0=0.22; e0=63.5

Russia, 1995

G0=0.13; e0=71.8

Sweden, 1995

G0=0.08; e0=81.5

Line of equality in 

length of life

 

Lorenz curves for three female populations with different levels and 

age distributions of mortality. 

Lorenz dominance: Sweden > Russia > Bangladesh. 

Source: Shkolnikov, 

Andreev, Begun, 2003. 



13 

        Gini coefficient and AID -1. 

According to the geometric definition, the Gini coefficient for ages above age x can be 

computed as 

According to the Kendall-Stuart definition, the Gini coefficient for the range of ages above 

age x can be computed as 
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       Gini coefficient and AID -2. 

Hanada (1983) developed a useful formula for Gini coefficient 

For a complete LT with ages running up to around 100, numerical integration in the 

Hanada’s formula can be done similarly to the numerical integration of l(x) in calculations 

of life expectancy (Shkolnikov et al., 2001) 

For a complete LT it is possible to assume 





x

x dttl
xexl

G 2)]([
)()(

1
1















1

11

1

)]([)]([


xy

yyyy

xy

y

x

llalLdttl











1

2

1

2

1

2 ])(ˆ)[()]([


xy

yyyy

x

llaldttl

yy aa ˆ

Inequality-measures-LT-complete (Inequality-measures-LT-complete1.xls) 

Inequality-measures-LT-complete1.xls
Inequality-measures-LT-complete1.xls
Inequality-measures-LT-complete1.xls
Inequality-measures-LT-complete1.xls
Inequality-measures-LT-complete1.xls
Inequality-measures-LT-complete1.xls
Inequality-measures-LT-complete1.xls


15 

Lorenz curve 1: Based on distribution of health (length of life) across individuals.   

  On the horizontal axis, individuals are ranked by health (length 

  of life).  

Lorenz curve 2: Based on distribution of health (length of life) across individuals‘ 

  income (wealth).  On the horizontal axis, individuals are ranked 

  by income (wealth).  

C = twice the area between the L-curve and the diagonal. + when L-curve is below 

the diagonal and – when the L-curve is above the diagonal. Varies from -1 to +1. 

Inter-individual socioeconomic inequalities in health. 

Concentration index. 
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IQR and STD. 

Other measures of inequality have been also used for assessing the LT disparities in 

length of life. 

Goodwin and Vaupel (1985) proposed half-statistic as a measure of inequality.  

The Half-have statistic shows what proportion of the total years of life half of the LT 

cohort has. Let x be an age such that 

 

 

Wilmoth and Horiuchi (1999) proposed an inter-quartile range. IQR is a difference 

between age to which 25% of people survive and the age to which 75% of people 

survive. Let 

 

 

Edwards and Tuljapurkar (2005) proposed to use standard deviation to measure the LT 
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e-dagger. 

Vaupel and Canudas Romo (2003) proposed a measure called „e-dagger“. It counts 

person-years lost due to premature death and can be also considered as a measure of 

public health losses. 

At every age, life table deaths are multiplied by the life expectancy lost by those dying at 

this age. The following two formulae can be used for calculations. The second formula is 

more precise than the first one.  
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The last term equals             since                      .  

 

If the last group is 100+ or higher, the formulae work well. The formulae are becoming 

somewhat problematic if the last age group is 85+. In this case one can first extrapolate 

the life table up to age 100+ or 105+. 
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Aversion to inequality and the Atkinson indices - 1. 

Atkinson indices include a special parameter epsilon expressing degree of aversion to 

inequality. 

, where    

A(epsilon) is equal to: 

 

-the arithmetic mean (life expectancy) if epsilion=0; 

 

- the geometric mean when epsilon=1; 

 

- the harmonic mean when epsilon=2. 
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Inequality measures with different levels of aversion to inequality can differently evaluate 

temporal changes and inter-population differences in the amount of inequality.  

Source: Anand et al., 2001 

Comparison of the length-of-life 

distributions between 1990 and 1995, 

Russian men. 

Explanation: In 1995 

mortality was higher 

than that in 1990 with 

exception to only 

three ages: 0, 1, and 2 

years.  

Aversion to inequality and the Atkinson indices - 2. 
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1. Correlation coefficients for 10 measures of rectangularity and variability 

Gini 

Theil entropy 

index 

Variance of  

log-life 

Inter-quartile 

range 

Standard 

deviation 

Calculated according to the data 

on Sweden, USA, and Japan. 

Source: Wilmoth & Horiuchi, 1999. 

Source: Shkolnikov, Andreev, Begun, 2003. 

2. Proportional changes in inequality  

measures of Russian males, 1959-2000 

Trends and comparisons.Trends in various inequality measures: 

 a high correlation, but also some differences. 

Divergence 
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Trends and comparisons. Long term change: life expectancy increase is 

 associated  with reduction of inequality (rectangularization of the survival curve). 

Inter-quartile range of life table ages at death, and life expectancy at birth. 

Swedish men and women, cohorts born in 1751-1905. 

Source: Wilmoth & Horiuchi, 1999. 
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Trends and comparisons. A high cross-sectional correlation 

 between life expectancy and inequality. 

Source: Shkolnikov, Andreev, Begun, 2003. 

Relationships between life expectancy and Gini coefficient in 1996-99 

for men and women among 31 countries with male life expectancies >= 70 years. 
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Source: Shkolnikov, Andreev, Begun, 2003. 

Trends in life expectancy and Gini coefficient (ages 0 and 15) for men 

and women in the USA in 1980-95. 

Trends and comparisons. Peculiar changes in inequality 

 and average length of life in the US. 
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Source: Edwards & Tuljapurkar, 2005. 

Conditional standard deviations in the age at death (STD10) 

Seven high-income countries since 1960. 

Trends and comparisons. 

Particularly high inequality in the US. 
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The e†0-e0 trajectories in England and Wales, Japan, Sweden, and the US.  

Trends and comparisons. 

Particularly high inequality in the US - 2. 
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